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We test ideas put forward e.g. in arXiv:1508.02368, which suggest that using rates in quantum
optics can lead to better indicators of non-classicality for states of quantum optical fields with
undefined photon numbers. By rate we mean the ratio of registered photons in a given detector
to the total number of detected photons in all detectors in a run of the experiment. For the
Hong-Ou-Mandel effect for parametric down conversion fields, we show that by using two detector
correlation functions which are defined in terms of averages of products of measured rates, rather
than usual intensities, one can observe non-classical visibilities beyond 1/2 for significantly higher
pump rates. At such rates we have already have the partially stimulated emission, which leads to
significant amplitudes for multiple pairs production, still the new approach allows to clearly see the
non-classical dip. We consider both the perfect and imperfect detection efficiency.
Introduction. Quantum interference of higher order
cannot be understood as an effect of superposed waves.
While a repetition of single photon experiments, leads
to statistics which is similar to the predicted pattern of
intensities for Maxwellian electromagnetic waves, even
the simplest two-photon situations, like the ones due to
entanglement of pairs of photons lead to completely non-
classical interference effects. Non-classical interference of
two photons can occur also in situations which are not
inspired by Bell’s theorem. The most elementary effect
of this kind is the Hong-Ou-Mandel dip [1], which relies
entirely on the bosonic nature of photons, and is only
due to their indistinguishability.
We shall use this phenomenon to illustrate our thesis,
that in some situations redefined correlation functions
better reveal the non-classical nature of some states of
light. The redefinition is to replace the usual intensity
correlation functions G′(a; b) = 〈IaIb〉〈Ia〉〈Ib〉 , or G(a; b) =
〈IaIb〉, by C(a; b) = 〈 IaIb(Ia+Ib)2 〉, where Ix is the total in-
tensity measured in beam x = a, b. This approach is
inspired by Ref. [2].
The basic idea of the standard Hong-Ou-Mandel-type
experiment is as follows. Let us consider two photons
entering a 50 : 50 beam splitter, one via input 1 and one
via 2. Let us assume that the photons are of the same
polarization, and their wave packet profiles are identical,
so that behind the beam splitter there is no way to tell
which photon originates from which input port. If we
imagine a symmetric 50 : 50 beam splitter which upon
reflection imposes a phase shift of π/2, the amplitudes of
the two indistinguishable process, of two transmissions
and of two reflections, differ by a phase shift π, and can-
cel out. Photons emerge only in pairs, via any of the two
outputs, with equal probability, 1/2. Two indistinguish-
able bosons like to go together, see Feynman’s Lectures.
This photon bunching effect is called dip because if we
make photons distinguishable, e.g. by a time delay be-
fore the beam splitter, beyond their coherence time, the
situation is back to ‘normal’. We have equal probabilities
for the photons to emerge in one of the exits, or via two
exits. Therefore, if the temporal resolution of the detec-
tors is (much) less sharp then the coherence time of the
photons, we register coincidences, while in the prefect in-
distinguishability case they are impossible. Thus, when
changing the delay time we observe a dip in coincidences
down to zero, which occurs when we have indistinguisha-
bility. This is accompanied with no interference effects
at the single detector level.
There is no way to explain the depth of the dip via
the classical theory of light. The classical theory allows
no more than 50% drop (dip) of the coincidences. We
shall re-derive this below. This will be done for inco-
herent stochastic mixtures of pulsed light. We present a
re-derivation of this well known result, because further
on it will allow make straightforward the introduction of
the modified description.
Imagine a 50 : 50 beam splitter at which a stochas-
tic mixture of pulsed light impinges via its two input
ports 1 and 2. Let us use the analytic signal approach
to make the description simpler. The input to port 1
is some pulse E1(t;λ)e
iφ1(λ) and the input to port 2 is
E2(t;λ)e
iφ2 (λ), where φl(λ), l = 1, 2, are mutually in-
dependent overall random phases. The pairs of pulses
appear with a probability p(λ). The total randomness of
the relative phase is taken into account by assuming that
〈ei[φ1(λ)±φ2(λ)]〉p =
∑
λ p(λ)e
i[φ1(λ)±φ2(λ)] = 0, i.e. every
value of the phases has equal probability. This condition
precludes an appearance of any stable interference pat-
tern at a single detector. If one introduces a controlled
phase shift Φ in front of one of the input ports, one sees no
dependence on Φ of the averaged intensity at each of the
exit ports (which is the other feature of the Hong-Ou-
Mandel phenomenon). However interference effects are
still observable, under some conditions, when one mea-
sures correlation functions of the intensities at the two
2exit ports.
For a given λ, the output intensity at the exit a reads
Ia(t;λ) =
1√
2
|E1(t;λ)eiφ1(λ) + E2(t;λ)eiφ2(λ)|2, whereas
at the other one it is Ib(t
′;λ) = 1√
2
|E1(t′;λ)eiφ1(λ) −
E2(t
′;λ)eiφ2(λ)|2. Therefore, one has
Ia(t;λ) =
1
2 [I1(t;λ) + I2(t;λ)] (1)
+ [E1(t;λ)E
∗
2 (t;λ)e
i[φ1(λ)−φ2(λ)] + c.c],
and
Ib(t
′;λ) = 12 [I1(t
′;λ) + I2(t′;λ)]
− [E1(t′;λ)E∗2 (t′;λ)ei[φ1(λ)−φ2(λ)] + c.c]. (2)
Assume additionally, again only for the sake of simplic-
ity, that the temporal length of the pulses is by orders of
magnitude shorter than the integration time (time res-
olution) of the detectors of light, and the output of the
detectors is proportional to the integrated intensity. If
we drop the terms which on average vanish due to the
relative phase randomness, the product of the time inte-
grated intensities reads for each λ
Ia(λ)Ib(λ) =
∫
dt
∫
dt′Ia(t, λ)Ib(t′, λ)
= 14
[
(I1(λ) + I2(λ))
2
− 2∣∣ ∫ dtE1(t;λ)E∗(t;λ))∣∣2], (3)
where Il(λ) =
∫
dt|El(t, λ)|2. The maximal value of the
negative term is, by the Cauchy inequality, bounded by
2I1(λ)I2(λ). As
√
I1(λ)I2(λ) ≤ 12 (I1(λ) + I2(λ)), this in
turn means that
Ia(λ)Ib(λ) ≥ 18 (I1(λ) + I2(λ))2. (4)
The lowest possible value of Ia(λ)Ib(λ), in relation
to the term 14 (I1(λ) + I2(λ))
2, occurs when E1(t;λ) =
E2(t;λ). In such case the positive term in (3) is two
times greater than the negative one.
The highest is when
∫
dtE1(t;λ)E
∗
2 (t;λ)) = 0, that is
for orthogonal, in the sense of the Hilbert space, analytic
signals. In such a case we have only the positive term
and
(
Ia(λ)Ib(λ)
)
max
= 14 (I1(λ) + I2(λ))
2.
Such an orthogonality can be achieved e.g. if one in-
troduces such a temporal delay between the pulses in
beam 1 and 2, so that they never overlap temporarily
(but the delay is much lower than the time resolution of
the detection). For a more elaborate description involv-
ing classical electromagnetic fields, the orthogonality can
be also due to e.g. perpendicular linear polarizations.
Upon averaging of (3) over the distribution p(λ), we
get
G = 〈Ia(λ)Ib(λ)〉p. (5)
As relation (4) holds, the maximal depth of the dip,
when one e.g. changes the temporal overlap of the pulses
in the input beams, satisfies
Vclass =
Gmax −Gmin
Gmax
≤ 1
2
. (6)
Breaching the value of 12 indicates the non-classical
nature of the observed light. The first demonstrations
of the Hong-Ou-Mandel dip we done for very low in-
tensities. The original paper described experiments in
which the two photons were originating from a sponta-
neous down conversion event (type I). Later on an exper-
iment with even weaker detection rates showed violation
of the classical bound by photons originating from inde-
pendent sources [3].
Recently experimenters searching non-classicality
moved also to the stronger pumping regime. E.g.,
in [4] authors consider a (very) bright squeezed vac-
uum state generated by a single source via frequency-
degenerate type-II parametric down conversion (PDC).
Bright (nearly 106 photons per mode on average) twin
beams interfere on a balanced beam splitter. Instead
standard coincidence function the observable chosen to
measure the effect was the variance of the photon num-
ber difference at the outputs normalized by the average
of the total number of photons, thus the results are not
directly related with the analysis to be presented here.
We shall show that for an intermediate pumping the
modified correlation functions allow one to see clearly
strictly quantum interference of visibility beyond 50%.
We present an approach to data analysis for the HOM
interference measurement, based on the tricks introduced
in [2, 5]. In [5] the authors present a new approach to Bell
inequalities for quantum optical fields. The new concept
is to replace averages of intensities by averages of rates
i.e. the normalized intensities. It leads to removal of
some loopholes inherent in earlier approaches to quan-
tum optical Bell inequalities [6]. In [2] the same authors
introduce some modification of the standard Stokes pa-
rameters. The modified Stokes operators are normalized
and the vacuum component is removed. The replacement
is as follows
Sθ = a
†
θaθ − a†θ⊥aθ⊥ → ΠˆNV
a†θaθ − a†θ⊥aθ⊥
Nˆ
ΠˆNV , (7)
where ΠˆNV is the projection operator on non-vacuum
sectors i.e. ΠˆNV = 1ˆ− |Ω〉〈Ω| and θ, θ⊥ denote any pair
two orthogonal polarizations (generally elliptic), while in
the denominator we have the operator for the total num-
ber of photons Nˆ = a†θaθ+a
†
θ⊥
aθ⊥ , which is independent
of θ. This new definition allows to construct improved
entanglement criteria for multi-photon states.
The state of light which we use here as our working ex-
ample is the two-mode squeezed vacuum. This is because
such is the state emitted by the parametric down conver-
sion process when we crank up the pumping. Thus, the
results can be readily tested in a laboratory.
First we discuss the case of classical fields. In the sec-
ond section we move to describing the standard quantum
correlation functions and the redefined ones.
3I. CLASSICAL CASE AND NEW
CORRELATION MEASURE
In the classical case, the redefined correlation function,
for the same physical conditions as discussed in Introduc-
tion, reads
C =
〈∫
dtIa(t)
∫
dtI ′b(t
′)
I2tot
〉
p
,
where Itot =
∫
dtIa(t) +
∫
dIb(t). Note that formally the
formula for C can be looked at as the one for G in which
the input field amplitudes E1(t), and E2(t) are replaced
by E1(t)/Itot, and E2(t)/Itot, respectively. Therefore as
Vmax = 50% is the maximum possible visibility for G for
any inputs, the maximum visibility for C cannot breach
this value. We have
V ′ =
Cmax − Cmin
Cmax
≤ 1
2
.
II. QUANTUM CASE
Let us define two following quantum correlation func-
tions
GQ =
Tr[̺nanb]
Tr[̺(na + nb)2]
, (8)
and
CQ = Tr[̺ΠˆNV
nanb
(na + nb)2
ΠˆNV ], (9)
where na and nb are photon number operators in the exit
modes of the beam splitter a and b, respectively, and
̺ represents the state of the quantum field. Function
GQ follows the traditional approach and is a quantum
version of G. The denominator used here is only for
the sake of a direct comparison with CQ. It cancels out
from the definition of the visibility. The new approach is
represented by function CQ. Note that the observable in
formula for the correlation function CQ can be rewritten
as
ΠˆNV
na
Nˆ
nb
Nˆ
ΠˆNV , (10)
where Nˆ is the operator of the total number of photons.
We have a product of the observed rates at the two chan-
nels, understood as ratios of the number of photons in the
given channel to the total number of detected photons.
Thus, the definition is fully concurrent with the approach
of [2, 5], and formula (7).
A. Detection of non-classicality in
Hong-Ou-Mandel interference.
Let us compare the two quantum correlation functions,
using our example of Hong-Ou-Mandel interference. As
the input to the beam splitter we shall use our working
example, the two-mode squeeze vacuum which results in
the case of strongly pumped parametric down conversion
source. That is the same one as in the case of the original
Hong-Ou-Mandel experiment, however of much higher
intensity, so that emission of multiple pairs is possible.
Let us start with the description of the state which
will be used in our calculations. The simplified interac-
tion Hamiltonian for a type-I frequency-degenerate PDC
process is of the form
H = iχa†1a†2 + h.c, (11)
where a1 and a2 are annihilation operators for photons
to be fed into the two input modes of the beam splitter,
χ is a coupling constant depending on the nonlinearity
of the crystal and the power of the pumping field. If we
take the vacuum as an initial state of the field we get a
two-mode bright squeezed vacuum
|BSV 〉 = 1
coshΓ
∞∑
n=0
tanhn Γ|n(1), n(2)〉, (12)
where Γ is a gain parameter, and |n(1), n(2)〉 denotes
1
n!a
†n
1 a
†n
2 |Ω〉, where in turn Ω denotes photon vacuum in
all modes. Each component of this state is composed of
2n photons, distributed equally in spatial modes 1 and 2
(n in each mode). If the phonons in modes a1 and a2 have
identical wave packet profiles and polarizations, the state
|BSV 〉 describes the situation which warrants the perfect
indistingushability of the photons behind the beam split-
ter. We shall assume that the beam splitter’s action is
described in this case by a1 → 1√2 (a+b), a2 → 1√2 (a−b),
where a and b describe the annihilation operators in out-
put modes which bear the same names. Such desciption
is in full concurrence with the classical operation of the
beam splitter introduced earlier.
In the case of partial distiguishability we must make
our description more refined. We introduce also creation
(and annihilation) operators for the photons which are
distinguishable for the ones created by a†1 and a
†
2, let
us denote them by a†1⊥ and a
†
2⊥. The subscripts 1, 2
as before denote the beams, while ⊥ denote the fact that
these operators represent (some) orthogonal modes, be it
in wave packet profiles, or polarizations. This technically
means that [ar, as⊥] = [ar, a
†
s⊥] = 0, where r, s = 1, 2.
Assume that in one of the beams, say 2, we introduce
a time delay, or polarization rotation, which results in
photons which are partially distinguishable behind the
beam splitter with the ones of beam 1. This can be de-
scribed via a replacement of a†2 by cosαa
†
2 + sinαa
†
2⊥
in the formula (12), where α paramatrizes the degree of
distiguishability. We get a modified state
|BSV 〉α = 1
coshΓ
∞∑
n=0
1
n!
tanhn Γa†n1 (13)
×(cosα a†2 + sinα a†2⊥)n|Ω〉.
4Notice that the mode a1⊥ is unoccupied.
The (relevant) beam splitter transformations acting on
the input state are as follows: a1 → 1√2 (a + b), a1 →
1√
2
(a − b), and a2⊥ → 1√2 (a⊥ − b⊥), where a⊥, b⊥ are
annihilation operators for the exit modes of the beam
splitter which carry the photons which were in the mode
a2⊥ of the input beam 2. Obviously [a, a⊥] = [a, a
†
⊥] = 0
and [b, b⊥] = [b, b
†
⊥] = 0, as well as [a, b⊥] = [a, b
†
⊥] = 0.
After all replacements corresponding to the beam split-
ter transformation the state |BSV 〉α takes the form (see
Appendix)
UBS |BSV 〉α =
∞∑
n=0
n∑
k=0
n∑
l=0
n−l∑
m=0
l∑
p=0
Bk,l,m,pn
×
√
(2n− k − l −m)!(l − p)!k!p! (14)
× |2n− k − l −m(a), l− p(a⊥), k(b), p(b⊥)〉,
where
Bk,l,m,pn
= (−1)
m+p tanhn Γ sinl α cosn−l α
n!2n cosh Γ
(
n
k
)(
n
l
)(
n−l
m
)(
l
p
)
, (15)
and
|j(a), k(a⊥), l(b),m(b⊥)〉 =
1√
j!k!l!m!
a†ja†k⊥ b
†lb†m⊥ |Ω〉,
i.e. letters j, k, l,m represent numbers of photons in
modes a, a⊥, b, b⊥.
For the two special cases, namely α = 0 and α = pi2 ,
that is full indistinguishability and full distinguishability,
respectively, one can easily perform the full analytical
calculation (without cutting the sum over n).
As was pointed out for α = 0, the full indistinguisha-
bility, the initial state (13) is simply |BSV 〉. The beam
splitter transforms it into following state
UBS |BSV 〉α=0 =
∞∑
n=0
n∑
k=0
An
(
n
k
)
(−1)k
√
(2k!)(2(n− k))!|2k(a), 2(n− k)(b)〉, (16)
where An =
tanhn Γ
n!2n cosh Γ . It leads to the analytic expres-
sions for GQ and CQ. Namely
GQ(α = 0) =
1
4
sinh2 Γsech2Γ (17)
and
CQ(α = 0) =
1
8
(tanh2 Γ
+ sech2Γ ln
(
sech2Γ
)
). (18)
For α = pi2 , full distinguishability, after beam splitter
the state reads
UBS |BSV 〉α=pi
2
=
∞∑
n=0
n∑
k=0
n∑
l=0
An
(
n
k
)(
n
l
)
(−1)l
√
k!l!(n− k)!(n− l)!|k(a), l(a⊥), n− k(b), n− l(b⊥)〉.(19)
The functions GQ and CQ are equal to
GQ(α =
π
2
) =
1
8
(2− sech2Γ) (20)
and
CQ(α =
π
2
) =
1
8
(2 tanh2 Γ (21)
+ sech2Γ ln(sech2Γ)).
With all that we can calculate the visibilities of the
HOM experiment for |BSV 〉α state. One can identify
maximal number of coincidence as the value of G func-
tions for α = pi2 and minimal value for α = 0. Hence the
visibility reads
Vf (Γ) =
f(α = pi2 )− f(α = 0)
f(α = pi2 )
, (22)
where f = GQ, CQ. Using expressions (17), (18), (20),
(21) one obtains
VGQ(Γ) =
1
2− sech2Γ (23)
and
VCQ(Γ) =
sinh2 Γ
cosh 2Γ + ln
(
sech2Γ
)− 1 . (24)
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FIG. 1. The visibilities versus parametric gain Γ.
Fig.(1) shows the visibilities VGQ and VCQ with respect
to the parametric gain Γ. Please notice that for all non-
zero values of the parametric gain Γ the difference ∆V :=
VCQ − VGQ is positive, that is the modified definition of
the correlation function beats the standard one in the
visivility of the HOM dip. Both quantum visibilities are
greater than the classical threshold 12 and asymptotically
tend to it.
5B. Imperfect detection efficiency
In this section we consider imperfect (η < 1) detection
efficiency. We assume that losses in each mode are inde-
pendent and equal and model them by Bernoulli distri-
bution with probability of success (photon registration)
η corresponding directly to the detection efficiency. All
formulas which we use to calculate the visibilities are in
the Appendix. The results are presented in Fig. 2.
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FIG. 2. The visibilities VGη
Q
and VCη
Q
with respect to the
parametric gain Γ for η = 1, 0.75, 0.5, 0.25, 0.1 for the new
approach and for η = 1 for traditional one. Please notice that
irrespectively of η the approach which is based on rates leads
to the clearer visibility. Moreover, if η is very small the new
visibilities tend to traditional one with perfect efficiency.
III. CONCLUSIONS
The above considerations show that one can extend
the applicability of the ideas of Ref. [2] to optical phe-
nomena which are not polarization based. Also the effect
which we study here is usually in not associated with en-
tanglement (at least at the two-photon level), thus we
extend the approach beyond the entanglement detection
problems studied in [7]. The main difference with the
usual approaches is that we divide the obtained intensi-
ties (here modeled by photon numbers) by the total reg-
istered intensity (all at a given run of the experiment).
As we are interested in measurements of correlations this
does not pose any additional difficulties in the experi-
ments. To monitor correlations one must register coin-
cident photon counts at the two outputs for each run of
the experiment, and thus the total registered intensity is
at hand, as the sum of the coincident intensities.
As the approach with rates leads to a clearer visibility
of the Hong-Ou-Mandel effects, for higher pump values
and this holds for quite low detection efficiencies, we hope
that it will inspire further modifications of this type in
the theory of correlation functions for quantum optics,
moving further ahead modifications the standard meth-
ods, as those e.g. in [8], [9].
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6Appendix A: 50 : 50 Beam splitter transformation for
|n(1), n(2)〉 state
We can express |n(1), n(2)〉, which is two-mode 2n-
photon Fock state, in terms of creation operators for-
malism as
|n(1), n(2)〉 =
1
n!
(a†1a
†
2)
n|Ω〉. (A1)
We denote the 50 : 50 beam splitter transformation by
UBS . Hence we get
|ψ〉 = UBS |n(1), n(2)〉 = (A2)
1
2n
1
n!
[(a† + b†)(a† − b†)]n|Ω〉
=
1
2n
1
n!
(a†2 − b†2)n|Ω〉
=
1
2n
1
n!
n∑
k=0
(
n
k
)
(−1)ka†2(n−k)b†2k|Ω〉,
where a† and b† are creation operators for modes after
beam splitter. Moreover the operators a†+b† and a†−b†
commute. Thus we have
|ψ〉 = 12n 1n!
∑n
k=0
(
n
k
)
(−1)k
√
(2(n− k))!(2k)!
× |2(n− k)(a), 2k(b)〉. (A3)
Notice that there are only two components in the state
(A3), which reveal no coincidences, namely for k = 0 and
k = n.
Appendix B: 50 : 50 Beam splitter transformation for
|BSV 〉α state with distinguishable photons
We consider the state (13)
|BSV 〉α = 1
coshΓ
∞∑
n=0
1
n!
tanhn Γa†n1 (B1)
×(cosαa†2 + sinαa†2⊥)n|Ω〉,
where a2 and a2⊥ are orthogonal modes and α ∈ [0, pi2 ]
is a parameter which introduces a kind of distinguisha-
bility measure in the spatial mode a2. Please notice that
for α = 0 we reproduce the two-mode bright squeezed
vacuum state. After beam splitter the state takes the
following form
UBS |BSV 〉α =
∞∑
n=0
An(a
† + b†)n
(
cosα(a† − b†) + sinα(a†⊥ − b†⊥)
)n
|Ω〉, (B2)
where An =
tanhn Γ
n!2n cosh Γ . Using the binomial expansion we
get
UBS |BSV 〉α =
∞∑
n=0
n∑
k=0
n∑
l=0
n−l∑
m=0
l∑
p=0
Bk,l,m,pn
(a†)2n−k−l−m(b†)k+m(a†⊥)
l−p(b†⊥)
p|Ω〉, (B3)
where
Bk,l,m,pn =
(−1)k+p tanhn Γ sinl α cosn−l α
n!2n cosh Γ (B4)
× (n
k
)(
n
l
)(
n−l
m
)(
l
p
)
.
Thus, as superposition of Fock states the exit state reads
UBS |BSV 〉α =
∞∑
n=0
n∑
k=0
n∑
l=0
n−l∑
m=0
l∑
p=0
Bk,l,m,pn (B5)
×
√
(2n− k − l−m)!(l − p)!k!p!
×|2n− k − l −m(a), l − p(a⊥), k(b), p(b⊥)〉.
Appendix C: Calculation of the expressions for GQ
and CQ
We present all calculations concerning the expressions
(8) and (9), i.e.
GQ =
Tr[̺nanb]
Tr[̺(na + nb)2]
(C1)
and
CQ = Tr[̺ΠˆNV
nanb
(na + nb)2
ΠˆNV ]. (C2)
In order to calculate expectation values (8) and (9) we
use the fact that f(nˆ)|n〉 = f(n)|n〉, where f is a cer-
tain function of a photon number operator. To calcu-
late expressions (C1) and (C2) for state (B5) for any α,
we should take summation to infinity into account. For
α 6= 0, pi2 this is rather cumbersome and requires a cut-
off. However, the only cases we consider in this paper are
α = 0 and α = pi2 . In case α = 0 the state (B5) reduces
to
UBS |BSV 〉α=0 =
∞∑
n=0
n∑
k=0
An
(
n
k
)
(−1)k
√
(2k!)(2(n− k))!|2k(a), 2(n− k)(b)〉, (C3)
where An =
tanhn Γ
n!2n cosh Γ . In accordance with definitions
(C1) and (C2) using known properties of Fock states one
obtains
GQ(α = 0)
=
∑
n
∑
k An(
n
k)(2k!)(2(n−k))!(4k(n−k))
∑
n
∑
k An(
n
k)(2k!)(2(n−k))!(4n2)
(C4)
and
CQ(α = 0)
=
∑
n
∑
k A
2
n
(
n
k
)2
(2k!)(2(n− k))!k(n−k)
n2
. (C5)
All series in expressions (C4) and (C5) we can sum ana-
lytically. Therefore simplified formulas are as follows
GQ(α = 0) =
1
4
sinh2 Γsech2Γ (C6)
7and
CQ(α = 0) =
1
8
(tanh2 Γ
+ sech2Γ ln
(
sech2Γ
)
). (C7)
Similarly we proceed in the case α = pi2 . The state (B5)
simplifies to
UBS |BSV 〉α=pi
2
= (C8)
=
∞∑
n=0
n∑
k=0
n∑
l=0
An
(
n
k
)(
n
l
)
(−1)l
×
√
k!l!(n− k)!(n− l)!
×|k(a), l(a⊥), n− k(b), n− l(b⊥)〉.
Functions (C1) and (C2) take the form
GQ(α =
pi
2 ) = (C9)
=
∑
n
∑
k
∑
l A
2
n(
n
k)(
n
l)((k+l)(2n−k−l))
∑
n
∑
k
∑
l A
2
n(
n
k)(
n
l)(4n2)
and
GQ(α =
pi
2 ) = (C10)
=
∑
n
∑
k
∑
l A
2
n
(
n
k
)(
n
l
) (k+l)(2n−k−l)
4n2 .
Again all series in (C10) and (C10) summable and hence
GQ(α =
π
2
) =
1
8
(2− sech2Γ) (C11)
and
CQ(α =
π
2
) =
1
8
(2 tanh2 Γ (C12)
+ sech2Γ ln(sech2Γ)).
Now, following the definition (22) we get appropriate vis-
ibilities
VGQ(Γ) =
1
2− sech2Γ (C13)
and
VCQ(Γ) =
sinh2 Γ
cosh 2Γ + ln
(
sech2Γ
)− 1 . (C14)
Appendix D: Calculation of the expressions GQ and
CQ for imperfect detection efficiency
In order to calculate the visibility we consider only two
cases, i.e. α = 0 and α = pi2 . For detection efficiency η
and α = 0 the traditional correlation function reads
GηQ(α = 0) =
∞∑
n=0
n∑
k=0
2k∑
l=0
2(n−k)∑
m=0
lm (D1)
Z2nk(c
l
2k)
2(cm2(n−k))
2,
where Znk = An(−1)k
(
n
k
)√
(2k)!(2(n− k))!. The coef-
ficient cxy =
√(
y
x
)
(1 − η)y−xηx is the probability ampli-
tude of detecting x photons, assuming y photons reach-
ing the detector. Similarly, the new correlation function
equals
CηQ(α = 0) =
∞∑
n=0
n∑
k=0
2k∑
l=0
2(n−k)∑
m=0
lm
(m+ l)2
(D2)
Z2nk(c
l
2k)
2(cm2(n−k))
2.
For α = pi2 we obtain
GηQ(α =
π
2
) =
∞∑
n=0
n∑
k=0
n∑
l=0
k∑
m=0
l∑
p=0
n−k∑
s=0
n−l∑
r=0
(D3)
(m+ p)(s+ r)Z2nkl(c
m
k )
2(cpl )
2(csn−k)
2(crn−l)
2
and
CηQ(α =
π
2
) =
∞∑
n=0
n∑
k=0
n∑
l=0
k∑
m=0
l∑
p=0
n−k∑
s=0
n−l∑
r=0
(D4)
(m+ p)(s+ r)
(m+ p+ s+ r)2
Z2nkl(c
m
k )
2(cpl )
2(csn−k)
2(crn−l)
2,
where Znkl = An(−1)l
(
n
k
)(
n
l
)√
k!l!(n− k)!(n− l)!.
We cut all sums to the certain Nmax. For instance for
Γ < 1, Nmax = 8 seems to be good enough. Obviously,
all formulas with η reduce to the previous ones for η = 1
(perfect efficiency).
